A geometric formulation of the Lorentz law as the differential equations for auto-parallel integral curves of a linear connection L ∇ is presented. We define an associated covariant derivative also denoted by L ∇. Then, we use an averaging procedure to obtain the averaged connection and the associated averaged dynamics. This averaged dynamics is simpler than the original one. We proof also that in the ultra-relativistic limit and for concentrated 1-particle probability distributions, the auto-parallel curves of the averaged connection remain close to the auto-parallel curves of L ∇. Finally, some applications of this result and the technique used are briefly described.
Introduction
The geometric description of the dynamics of point charged particles with an external electromagnetic field that we propose in this work is based on the notion of semi-Randers space 1 email:r.gallego.torrome@lancaster.ac.uk; Partially supported by EPSRC. introduced in ref. [1] . In that reference, it was argued that a Randers metric should be understood as a Langrangian function; the interpretation as space-time metric of a Randers space ( [7] ) is unsatisfactory from several points of view. In particular, if the associated 1-form is the gauge potential, the dependence of the fundamental tensor on the gauge raises problems on the non-degeneracy of the associated fundamental tensor. Therefore, we consider the following definition, Definition 1.1 A semi-Randers structure consists of a triplet (M, η, β), where (M, η) is a semiRiemannian structure and the 1-form β ∈ Λ 1 M; the Lagrangian F is defined in the following way:
1. F (x, y) = η x (y) + β x (y), η x (y) ≥ 0, 2. F (x, y) = −η x (y) + β x (y), η x (y) ≤ 0, where η x (y) := η ij (x)y i y j and β x (y) := β i (x)y i .
Remark. We will restrict in the present work to Lorentzian Randers spaces, which are semiRanders spaces as defined before where the metric η is of Lorentzian signature; the manifold M is 4-dimensional, compact and with boundary. These last conditions are because we are interested on the behavior of a bunch of particles in a beam, which are created and destroyed in a finite time. M is also spatially bounded, representing the limits of the motion of the particles (for instance the beam pipe in an accelerator). This is why our manifold is compact and with boundary.
In connection with this, a set of differential equations was introduced which corresponds to the Lorentz force: 
The electromagnetic field is introduced as F ij = (dA) ij . Then the differential equation is:
Let us adopt the convention that the mass is measured in units such that m = 1 and the charge in units such that q = 1. Then, this system of differential equations is a covariant version of the Lorentz equation.
Reference [2, section 4] introduced a mechanism for averaging connections. We use this mechanism here to average the connection associated with the system of differential equations (1.1). The result of averaging a linear connection in the way we do is an affine connection on M.
It turns out that the resulting auto-parallel equations are simpler than the original ones. This fact can be useful in both, theoretical considerations as well as numerical simulations in Beam Dynamics. We discuss how different the solutions (starting with the same initial conditions) of the original dynamics (1.1) and those of the associated averaged dynamics are. Our result is the following: for the same initial conditions, in the ultra-relativistic limit and for concentrated 1-particle probability distributions, the solutions of the differential equations remain close for large time.
The implication of the above result is that under these hypotheses, one can replace the original dynamics by the averaged dynamics. We note that the solutions of the averaged dynamics are not physical, but they could be used as the definition of reference trajectory in Beam Dynamics, being this trajectory not realized by any possible physical geodesic. Finally, this and other applications are discussed, as well the limit of application of the averaged model.
TM is the tangent bundle and N := TM \ {0} the slit tangent bundle.
Geometric Formulation of the Lorentz Law
Let us consider a fiber bundle π : N −→ M. Then we construct the pull-back vector bundle π * TM −→ N, defined as the minimal sub-bundle of the cartesian product N × TM such that the following diagram is commutative,
The system of differential equations (1.1) defines an almost non-linear connection on the tangent bundle TN → N. This means the following. Given a bundle associated with a principal fiber bundle P −→ M with structure group G and fiber dimension n, a connection in the sense of Ehresmann is a splitting of the tangent space at each point u ∈ P such that the decomposition is invariant under the right action of the structure group ( [3] ). If the bundle is TM −→ M and the structure group is GL(n, R) we call it an affine connection; if the bundle is a vector bundle and the structure group is GL(n, R) it is called a linear connection. Otherwise, a connection in the sense of Ehresmann we will called a non-linear connection. For instance, on the bundle TN −→ N with structure group GL(n, R), there is a non-linear connection which is covariant under the action of the group, but it is not covariant under the action of GL(2n, R).
To define the Ehresmann splitting we can use the system of differential equations (1.1), which are the equations of auto-parallel curves defining the geodesics for time-like directions (according to the Lorentzian metric η). However, it does not define space-like and time-like geodesics. This is why we speak of an almost non-linear connection. Therefore, the almost Lorentz connection L ∇ is defined by the following 
If the Levi-Civita connection of the metric
in a local coordinate system, then the connection L ∇ has in this local coordinate system the following connection coefficients
By definition, all the other connection coefficients are zero in this coordinate system.
L ∇ is a symmetric connection:
(a) The covariant derivative of a section Z ∈ ΓTN along a vertical direction is zero:
(b) The non-linear connection has horizontal torsion zero:
The Lorentz connection L ∇ is invariant under gauge transformations
Proof: Let us consider the Finsler geodesic equation associated with the Lorentz Randers space F = η + β, but parameterized using the proper time of the Lorentzian metric η. These equations
where dA is the exterior differential of the gauge potential A, giving the Faraday 2-form F .
From these equation, we can read the value of the semi-spray coefficients:
Taking first and second derivatives with respect to y, we obtain:
To prove that the connection is affine iff F = 0, we take the decomposition of the connection coefficients in the following way:
L i jk and T i jk are the components of tensors, with T i jk y j = 0, ∀y ∈ N x . Therefore to be affine L i jk y j y k = 0 ∀y ∈ N x . This means F = 0. 2
Using local coordinates one can prove the following: Let {e 1 , ..., e 4 } be a local basis for the sections of ΓTM and assume that each of them is timelike (therefore, the metric cannot be diagonal in this basis, since we are considering Lorentzian structures), {π * e 1 , ..., π * e 4 } a basis for the fiber π −1 u ⊂ π * TM, u ∈ N and {h 1 , ..., h 4 } a basis of the horizontal distribution H u ⊂ T u N, while {v 1 , ..., v 4 } is a frame for the vertical distribution.
Proposition 2.3 Given the non-linear connection
where X, Y ∈ ΓTM,X,Ỹ ∈ ΓTN are the arbitrary lifts of X, Y ∈ ΓTM with η(X, X) > 0 and η(Y, Y ) > 0.
The covariant derivative along vertical directions of sections of π * TM is zero:
L ∇ v j π * e k = 0, (j, k = 1, ..., 4). (2.3)
The covariant derivative along horizontal directions is given by the formula:
L ∇ h j π * e k = L Γ i jk (x, y)π * e i , (i, j, k = 1, ...
, 4). (2.4)
This equation only applies to the set of points u = (x, y) ∈ N such that y are time-like.
By definition the covariant derivative of a function
Proof. One has to check directly that these relations define an almost covariant derivative on π * TM. We first check that equation (2.4) is consistent and well defined. However, recall that the structure group of the non-linear connection L ∇ defined on TN −→ N was GL(4, R).
This implies that equation (2.4) is covariant under this group and since the covariant derivative along vertical directions of sections of π * TM are zero, the covariant derivative is consistently defined using the initial basis {e 1 , ..., e 4 } of sections of ΓTM and linearity (which is the action of GL(4, R)). Therefore we have enough structure conditions to define the connection of L ∇ and they do not over-determine the connection. Note that the above directions are defined for arbitrary vectors by linearity. 
The Averaged Lorentz Connection
Given the linear connection L ∇ on the bundle π * TM −→ N we can obtain the corresponding averaged connection, following the formalism described in [2] . Let us introduce this formalism here again.
To define the averaged operation we need:
1. In each tangent space T x M, a co-dimension 1 submanifold Σ x and a measure dµ x on Σ x .
At each point
such that f x dµ x is a finite measure.
The averaging operation is equivalent to an integration on the fiber variables of the connection coefficients. The associated measure is given by f x (y)dµ(y), where f x (y) = f (x, y) is the 1-particle probability distribution function and dµ is induced by the Lorentzian metric η ( [5] ).
The family of manifolds {Σ x , x ∈ M} are the collection of mass-shell hyperboloid, Σ x := {y ∈ T x M | η x (y) = 1, η x (U, y) > 0.}. The mass-shell hyperboloid bundle is Σ :−→ M with fiber over x Σ x and structure group the Lorentz group.
Then, one can proof the following The connection coefficients of < L ∇ > are given by the formula:
Each of the integrations is equal to the y-integration along the fiber:
and similarly for higher moments.
Proof: Equation (3.1) follows easily from the definition of the averaged connection by linearity.
2
The connection < L ∇ > is an affine connection on TM → M. Therefore being a symmetric connection, for every point x ∈ M there is a coordinate system (the normal coordinate system) such that the averaged coefficients are zero at one particular point. Indeed, there is also a Fermi coordinate system along a reference geodesic. In a Fermi coordinate system, the connection coefficients are zero along the reference geodesic. These technical facts are relevant for some of the applications of the averaged dynamics. This can be done in (M, η) is time orientable. Usingη we can define a scalar product in the vector space (T x M,η) asη(x) ij dy i ⊗ dy j . It defines a distance dη on T x M: for each y 1 and
Comparison Between the Geodesics of
Note that we are performing our calculations in a fixed reference frame, defined by the vector field U . We call this vector field the laboratory frame.
Remember that f (x, y), the 1-particle probability distribution function has compact support on the mass-shell hyperboloid bundle Σ −→ M:
, where the components are given with respect to the laboratory frame, 2. The diameter of the distribution f x is α x := sup{dη(y,ỹ) | y,ỹ ∈ supp(f x )},
The distance between two connections at the point x is given by the function:
Lemma 4.2 Let us assume that the 1-particle distribution function f has supp(f x ) ⊂ Σ x which is compact and convex.
whereC(x) does not depend on y and the electromagnetic field.
Proof: From the expression of the connection coefficients of both connections, we have (for y ∈ Σ x ):
Since η ij y i y j = 1, one can further simplify the above expression:
The difference between the two connections can be expressed in terms of the combinations
and has the form
where y j = η jk y k . For narrow probability distributions, the second contribution is of the same order as the first one. To prove this fact let us consider the expression and expand around the averaged value,
Therefore, we obtain the relation terms proportional to
We estimate the norm of this difference:
The first factor in front of the product can be bounded using the diameter α of the support of the distribution function,
where C does not depend on y or F. The second factor can be evaluated using the norm of the electromagnetic field F considered as an endomorphism:
The construction of the Riemannian metricη is based on the Lorentzian structure η and the choice of a time-like vector field U , which lies in the mass-shell hyperboloid. The selection of such a vector field is of fundamental importance. There are two natural choices:
1. We can select the averaged < y x > and normalize it to have norm 1 using η. This is because < y x > is time-like.
2. We can calculate the distance between supp(f x ) and the light-cone and then select a vector field on the mass-shell hyperboloid that realizes the distance.
Due to the fact that supp(f x ) is concentrated and from the definition of η, one gets in both cases that
Therefore we get,
Since the space-time manifold is compact (but with boundaries), we have the following corollary
Corollary 4.3 Let us assume f as in the above lemma. Then we have the global bound (not depending on
whereC does not depend on x and y and the electromagnetic field.
Notion of Energy function of a Beam of Particles.
For every distribution function we define the energy function E : M −→ R + of the particle distribution E(x) =< y 0 > (x), where we are using coordinates associated with the laboratory coordinate system. 
E is the maximal energy of the beam in the lab frame and C is a finite constant. The exponent β depends on the details of the dynamics.
Proof: We calculate the distance between the geodesics when the geodesics start with the same initial conditions. For these, we use the following general formula
Since both geodesics have the same initial conditions, we have similarlỹ
Taking the difference of the coordinates, we enter the limit where both relativistic factorsγ and γ are large compared to α. The relation between proper time and coordinates time is
This implies the following relation between derivatives
In the ultra-relativistic limit, both γ andγ are similar (|γ − γ| ≤ Cα, with C a constant). This is because in the ultra-relativistic limitγ ∼ E and γ ∼ y 0 , the last expression because y 0 >> 1. Therefore, we have for small α and in the ultra-relativistic limit the following asymptotic
Physical Interpretation. The γ −1 factor defines the nominal energy associated with a beam of particles with spread in energy α small compared with it. Since the probability distribution is concentrated, the definition of the nominal energy depends on positive powers on α. But α is small.
The factor γ −2 is the maximal factor due to the change from proper time to coordinate time. It corresponds to the longitudinal dynamics ( [6] ), where there are no magnetic fields; for transverse dynamics β = 2. There could be also an energy factor dependence in the electromagnetic factor F ∞ .
Corollary 4.5 Under the same hypothesis as in theorem 4.4, the difference between the tangent vectors is given by
withC a constant.
From the above results it follows that the geodesics of the Lorentz connection and the averaged connection are similar even for long time evolution in the ultra-relativistic limit γ >> α for concentrate distributions.
Discussion and Applications
Let us discuss to which extent the averaged dynamics is applicable in the description of the Beam Dynamics in an accelerator. Let us consider formula (4.7). During the process of acceleration the γ factor is not constant. In order to give an example, let us assume an affine dependence on the coordinate time t, γ(t) = kt + γ(t 0 ), t 0 ∈]t min , t max [ for some large enough t 0 . This formula means that after a pre-period of non-linear dynamics, the best that can happens is that the gain in energy is linear in time. Then formula (4.7) is
withÃ constant. If β < 2, asymptotically the leading order isCα 2 γ −2+β (t 0 ) F ∞ t 2 . In this case, there is a clear limit to the use of the averaged dynamics, when the distance is of the order of the diameter of the beam pipe, L 0 . That happens for a characteristic time
The case when β > 2 is not physical in the situations we are interested in, because Synchrotron
Radiation produces a contraction in the size of the beam, associated in our formula to β < 0 in general.
The averaged dynamics can be applied in different situations. First of all, from the two basics assumptions, ultra-relativistic limit and concentration in the 1-particle distribution, the second one is essential in the method used. For instance, note that in the case of f x being a delta distribution, the averaged model coincides with the original Lorentz force for one particle. On the other side, to work in the ultra-relativistic regime is useful to carry out calculations as for obtaining the formulas (4.8) and (4.9). Also, it helps in the sense that the bounds provided between the differences is smaller than in the non-relativistic case . Indeed, similar asymptotic formulas can be worked out for the no ultra-relativistic case.
The analysis used here has been basically asymptotic. Since the objective was to prove that one can approximate the original dynamics by the averaged one in the case of the Lorentz dynamics, it was good enough for us.
There are several possible applications of the averaged dynamics. Some of them will be developed elsewhere.
1. The averaged dynamics defined by the averaged connection < L ∇ > can be used in numerical simulations when the number of particles is large and simplified models become useful.
2. It can also be used as defining a reference trajectory in Beam Dynamics. This is because corollary 4.5 states, for the same initial conditions, in the ultra-relativistic limit and for thin probability distributions, the difference between the original trajectory and the averaged trajectory is small.
3. Another application of the averaged dynamics has been in the proof of the possibility to use fluid models for bunches of particles moving at very high energies. This proof is based on the substitution of the model by the averaged one, which is simpler. Then working with the simplified model, one can substitute the dynamics of a kinetic theory by a fluid description. This result shall be proved elsewhere too.
